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Abstract: Multidimensional scaling (MDS) with city-block distances suffers from
many local minima, if the Stress function is minimized. In fact, the problem can
be viewed as a combinatorial problem, where finding the correct order of the co-
ordinates on a dimension is crucial for attaining the minimum. Several strategies
have been proposed for arriving at a global minimum of the Stress function. We
pay particular attention to Pliner’s (1996) smoothing strategy for unidimensional
scaling, which smoothes the concave part of the Stress function. We discuss three
extensions of this strategy to the multidimensional case with city-block distances.
The first extension is shown to lead to problems because it yields a unidimensional
solution. A second extension, proposed by Pliner (1986), and a third extension,
distance smoothing introduced here, do not have this problem. Numerical experi-
ments with the smoothing strategy have been limited to the unidimensional case.
Therefore, we present a comparison study using real data, which shows that the
smoothing strategy performs better than three other strategies considered.

1 Introduction

In multidimensional scaling (MDS) the objective is to represent dissimilari-
ties between objects as distances between points in a low dimensional space.
Apart from the Euclidean distance, the city-block (or L,) distance is a pop-
ular choice. One of the properties of the city-block distance (not shared by
the Euclidean distance) is dimensional additivity, that is, the total distance
is a sum of the distances per dimension. For an overview of developments
in the area of city-block distances, see Arabie (1991). The purpose of least
squares MDS can be formalized mathematically as the minimization of the
raw Stress function (Kruskal, 1964),

o(X) = 3wy (& —dii(X))*, (1)

over the n X p matrix of coordinates X of n objects in p dimensions, where
w;; are nonnegative weights, §;; are nonnegative dissimilarities, and d;;(X)
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Figure 1: The contribution to ¢(X) of the term (6;; — di;(X))*.
1s the city-block distance between points : and j defined by
p
di;(X) = D |zax — Tl (2)
k=1

For city-block MDS the Stress function can be written as

G(X) = Z wz-jéfj + Zwijdfj(X) —_ 2 Z ’wij(gijdij(X)
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= 73 +1i(X) + npa(X) - 20(X). (3)

It has been noted by several authors (Heiser (1989), Arabie (1991), Hubert et
al. (1992), Groenen and Heiser (1996)) that city-block MDS by minimization
of (3) suffers from many local minima. The main concern of this paper is
to develop and evaluate strategies that try to avoid local minima. To see
why Stress has many local minima, consider the contribution of a single
error term for objects 7,7 to o(X) in two dimensions with w;; = 1, i.e., the
residual (6% — [|za — zj1| + |22 — 252|])?, see Figure 1. The sharp ridges give
rise to the farge number of local minima since they act as a barrier between
four potential regions of attraction, due to discontinuities in the direction
of change. Some of the best strategies proposed so far use combinatorial
approaches (Heiser (1989), Hubert et al. (1992)), where finding the correct
order of the coordinates on any dimension is crucial for attaining the overall
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Figure 2: The left panel shows function |¢| (dashed line) and its smoothed
version g.(t) (solid line) and the right panel shows the first derivative of
these functions.

minimum. In this paper, we elaborate on a smoothing strategy proposed
by Pliner (1986, 1996). The advantage of this approach is that continuous
minimization methods can be used instead of combinatorial strategies, which
become unpractical for large n. We propose a new smooth loss function that
converges to Stress. So far, the smoothing strategy has not been compared
to other strategies except for unidimensional scaling. We fill this gap by
presenting a small comparison study that investigates the performance of
the smoothing strategy relative to competing strategies.

2 The smoothing strategy

The smoothing strategy of Pliner (1986, 1996) smoothes the sharp ridges
in the Stress function. It tries to avoid local minima by letting the smooth
function gradually approach the original function, while removing the dis-
continuities in the gradient near the ridges. In unidimensional scaling, Pliner
(1996) replaces —|z; — z;] in p(X) by —gc(z; — z;), see Figure 2. Here, g(t)
is defined by

2(3¢ — 32 +¢/3, if €,
ey ={ TR S “

Thus, distances smaller than € are replaced by a smooth function, but large
distances remain as they are. For unidimensional scaling, this smoothing
strategy turns out to be very successful in reaching global minima (Pliner
(1996)).

Instead of g.(t), one might as well use other functions that have the property
of being smooth if |t| < €, and approach [t| for large |t| > €. One such func-
tion — well known from robust statistics — is the Huber function (Huber,
1981), which is similar to (4) except that it is quadratic in ¢ for |¢| < e. Use
of the Huber function in the present context is currently being studied.

The unidimensional smoothing strategy can be generalized to city-block
MDS in several ways. Pliner (1996) seems to suggest that smoothing should
only be applied to the terms of ¢(X) containing —|z; — x|, i.e.,

a1(Xle) = 05 + 1x(X) + 7 (X) — 20(X]e), (3)
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where p(X|e) = Yic; wij0i; 2 ohey 9e(ik — ). Thus, — 3% ge(zar — z51)
smoothes —d;;(X) . An important property of (5) is that as e approaches
zero, o1 (X |e) approaches the original Stress function o(X). However, o1(X]e)
has the undesirable property that systematically unidimensional solutions
are found whatever the chosen dimensionality. This property is undesirable
because additional dimensions in all practical cases would decrease Stress.
Therefore, o;1(X|e) cannot be used as a smooth version of Stress for city-

block MDS when the rank of X should be larger than 1.

A second smoothing loss function was proposed by Pliner (1986), i.e., he
smoothes every factor |z;x — zjr| by ge(zit — zjx) and leaves the quadratic
terms (zi — z;k)? in nf(X) of o(X) as they are. This yields the smooth loss
function

o2(X|e) = nf + ni(X) + UZ#!(Xle) — 2p(X]e), (6)

where n(X[€) = Tpu ic; Wii9e(Tik — Tjk)9e(zit — ;1) This loss function
also approaches (X) as € — 0 and, in general, retains the rank of the initial
configuration.

The smoothing loss function that we propose here is called distance smooth-
ing. We replace all factors |z — k| by ge(zir — zjk). Thus, we minimize

os(Xle) = S (éij—§ge<wz—k—xjk>)2

= n; +np(Xle) + nisy(Xle) — 2p(X]e), (7)

thereby smoothing nZ(X) as well by n(Xle) = Sk Tic; wijg2(Tik — z5k)-
The advantage of this adaptation is that the loss function remains least
squares, because it is the sum of squared differences of the dissimilarities
and the smoothed distances. The minimum of o3(X]e) is not biased to a
zero difference of the coordinates (in contrast to o1(X|e)), and it has the
property that it converges to o(X) as € approaches zero. An even stronger
property holds if we assume that all |z; — x| are strictly positive: then
there exists an € for which o3(X|e¢) reduces to o(X).

The smoothing strategy for city-block MDS proposed in this paper is: (a)
set initial value ¢ <+ ¢y and fix the number of smoothing steps rmax, (b)
for r = 1 t0 Tax do: minimize o3(X|e) and reduce ¢, i.e., € « € — ¢/,
(c) minimize o(X). As initial value for € in smoothing for unidimensional
scaling, Pliner (1996) recommends to choose €p = 2maxXicicn ™" 3 j; 0ij
assuming all w;; = 1. Since nonidentical weights are present in o3(Xl|¢), we
set €g equal to Qmaxlsisn(zyzl ’wi]‘)_l ?=1 ’wz'jdi]’.

So far, we discussed smoothing for metric city-block MDS. Without much
difficulty, smoothing can be extended to nonmetric city-block MDS as well.
We can proceed as in ordinary nonmetric MDS (see Kruskal (1964), or, e.g.,

Borg and Groenen (1997)). In smoothing for ordinal city-block MDS one
substitutes 4;; by d;; in (7), where the d;;’s are least squares approximates

to the distances, constrained to retain the order of the data and have a fixed
sum of squares.



3 Performance of the smoothing strategy

To test the performance of our distance smoothing algorithm, we compare
it to three other methods: (a) the combinatorial strategy of Hubert et
al. (1992), (b) the majorization approach of Groenen et al. (1995), here
called “plain majorization”, and (c) the MDS program in SYSTAT (Wilkin-
son (1988)). We used two data sets of Borg and Leutner (1983) on the
perception of rectangles which were also analyzed by Hubert et al. (1992).
Subjects rated the similarity of pairs of rectangles on a rating scale ranging
from 0=‘equal, identical’ to 9=‘extremely different’. The 16 rectangles var-
ied in width and height (both in four levels). The data set (to which we refer
as WH) contains the averaged similarity ratings of 21 subjects. A second set
of rectangles was created by varying ‘width + height’ and ‘width — height’,
thereby emphasizing the area and shape of the rectangles. The average over
the similarity ratings of 21 other subjects make up the second data set (the
AS data). The data are treated ordinally by the primary approach to ties,
which implies that in each step of our smoothing algorithm the proximities
are optimally transformed in a least squares way by monotone regression.
The figures for SYSTAT and the combinatorial strategy are copied from Hu-
bert et al. (1992). The value of Stress reported is Kruskal’s Stress-1 which
can be shown to be equal to (¢(X)/n2)!/? if we allow X to be optimally
dilated (see, Borg and Groenen (1997)). To minimize o3(X|e) we have used
majorization. Details of this algorithm will be presented in a forthcoming
paper (Groenen, Heiser, and Meulman, in preparation).

For each of the two data sets, 100 random starts were fed into our smoothing
algorithm, both with 5 and 20 smoothing steps. The minimization of the
smoothing function o3(X|e) was stopped whenever the decrease in loss was
smaller than 10~°. The stopping criterion in the final minimization of o(X)
was set to 1073,

The results are summarized in Table 1. These results show that the double
smoothing strategy with 20 smoothing steps is overall the best strategy. Sec-
ond best are the 5 step smoothing strategy and the combinatorial method.
The worst two methods are plain majorization and SYSTAT. The maximum
values of Stress of the smoothing strategies (and from the first quartile up-
wards for the plain majorization approach) are very high because the trans-
formation obtained by ordinal MDS is degenerated towards equal values for
almost all proximities. Therefore, a Shepard diagram (that plots the origi-
nal proximity values against the transformed values along with the residuals)
displays an almost horizontal line. In comparison to 20-step smoothing, the
5-step strategy gives slightly higher Stress values in the summary statistics.
For the WH data, 47% had Stress-1 of .0534, and 42% of .0541 using the
20-step smoothing approach, whereas the 5-step version had 33% of .0534,
and 84% was smaller than .0565. For the AS data, the 20-step approach
had 8% Stress-1 of .0619, and 72% smaller than .0700, whereas the 5-step
approach found in 3% of the cases Stress-1 of .0626, and 57% smaller than
.0700. These results indicate that the smoothing strategies give good local



Table 1: Summary statistics of Stress-1 values for ordinal city-block MDS
on the rectangle data sets WH and AS for 100 multiple random starts. The
figures for SYSTAT and the combinatorial strategy (indicated by an ‘*’) are
copied from Hubert et al. (1992).

Strategy Minimum 1Ist Quartile Median 3rd Quartile Maximum
WH data
plain majorization .0903 .3594 3671 3750 4001
SYSTAT* 0665 .1545 1748 .2992 3758
combinatorial* .0537 .0666 0701 1368 .1803
smoothing 5 steps .0534 0534 .0565 .0565 3302
smoothing 20 steps .0534 0534 .0541 .0541 .3235
AS data
plain majorization .1069 .3568 .3660 3757 4001
SYSTAT® .0702 .0783 1252 3617 .3804
combinatorial* .0625 .0699 .0754 .0860 .1078
smoothing 5 steps .0626 .0668 .0693 .0844 .3294
smoothing 20 steps 0619 .0644 0666 0741 .3294
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o1 = .054 o, = .0537 oy = .0534
4 4 3%
3 , 8 123 p?
12 o
6 78 7 8
1 ‘ L
5 e 6 12 6 12
10 511 > 11
9 V¥ 10 16 10 16
9 15 9 15
14 14 1
AS 13 AS 13 AS 13

(d) Borg & Leutner (1983)

g1 = .064

(e) Hubert et al. (1992)

o1 = .0625

(f) 20-step smoothing

o1 = 0619

Figure 3: Solutions obtained for WH data (upper panels) and AS data (lower
panels) by (a) Borg and Leutner (1983) (left panels), (b) Hubert et al. (1992)
(middle panels), and (c) the 20-step smoothing strategy (right panels).



minima in more than half of the searches. Moreover, as the number of steps
is increased, the frequency of finding the global minimum also increases.

The (best) configurations found by Borg and Leutner (1983), Hubert et al.
(1992), and the 20-step smoothing strategy for the WH data are shown in
Figure 3 (upper panels). All three solutions for the WH data reconstruct
the grid like structure used for generating the rectangles. The difference
between the solutions is either in the positioning of points 12 and 16, or in
that of points 1, 5, 9, and 13. For the AS data in Figure 3 (lower panels), the
solution found by Borg and Leutner (1983) is considerably different from the
solutions found by the combinatorial and the smoothing strategies. Hubert
et al. (1992) state that height seems to be much more important than width.
Note that the combinatorial solution in panel (e) of Figure 3 only differs from
the smoothing solution in panel (f) in the location of point 1.

4 Discussion and conclusions

This paper shows that the combinatorial problem of least-squares city-block
MDS can be solved by a smoothing strategy, which is a continuous minimiza-
tion problem by nature. We have considered three extensions of the basic
smoothing strategy suggested by Pliner (1996) for unidimensional scaling.
One extension that only smoothes the concave part of the Stress function
systematically yields rank-one solutions. However, the distance smoothing
strategy proposed in this paper, which smoothes all the absolute value terms
in the Stress function, and the strategy of Pliner (1986) give technically cor-
rect results.

A comparison study of two real data sets suggests that the distance smooth-
ing strategy gives somewhat better results than the combinatorial strategy
of Hubert et al. (1992), and much better results than gradient based meth-
ods such as the plain majorization approach of Groenen et al. (1995) and
city-block MDS in SYSTAT. Moreover, as the number of smoothing steps is
increased, the probability of finding a global minimum also increases.

The distance smoothing strategy can be extended to MDS with Euclidean
distances as well. In this way, one would get a method that, hopefully,
finds global minima with a much larger probability. Constraints on the
configuration in confirmatory MDS as proposed by De Leeuw and Heiser

(1980) can be implemented in the majorizing algorithm of smoothed city-
block MDS without much difficulty.

In this paper we have regarded the distance smoothing strategy as an ap-
proach to find the global minimum in city-block MDS. However, the smooth-
ing function of the absolute value, g.(z:; — z;5), can also be viewed as being
part of a model. In such a model, differences larger than € are treated as
they are, but smaller differences are made somewhat larger. The extreme of
a zero difference is transformed by the smoother into a value of ¢/3. This
model approach could be applied if all dissimilarities are by their nature
larger than this value.
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