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Abstract

Models for asymmetric proximities are a combination of a symmetric similarity
component and an asymmetric dominance component. The differences and
similarities between the methods that are discussed in this paper are revealed by
applying a certain decomposition to the model parameters, clearly separating the
dominance and symmetric similarity component. The notion of skew-symmetry
turns out to be an often seen element in modeling asymmetry, although
sometimes in disguise and difficult to recognize.

The decomposition shows that there are two classes of models, one that
assumes that the asymmetric relationships are transitive, the other class consists
of models that can also represent circular asymmetric relationships. Using this

decomposition a classification into two categories 1S proposed.
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Introduction

Tables where the rows and columns classify the same set of stimuli occur in several
research situations. For instance in an identification experiment, where subjects are instructed
to identify stimuli, the rows correspond to the presented stimulus and the columns correspond
to the stimuli given as responses. Such a table is square, and on the diagonal we find the
number of correct responses, the off-diagonal elements correspond to errors or confusions,
which may tell us something about the similarity of the stimuli. We often observe asymmetry
in such tables, that is, stimulus 7 is more often confused with stimulus j than the other way
round. Sociometric ratings provide another example of an asymmetric data table, where rows
refer to children as judges and the columns refer to the same children but now they are being
judged. Again asymmetry may be observed because child i could express a higher like or
dislike rating to child j than vice versa (Collins, 1987). Other examples include brand
switching counts (Rao & Sabavalla, 1979), counts of telephone calls among cities (Harshman
& Lundy, 1990), citations among journals (Coombs, 1964; Weeks & Bentler, 1982), first -
choice-second choice connections (Urban, Johnson & Hauser, 1984), communication and
volume flows (Chino, 1978), migration-rates (Tobler, 1976), occupational mobility tables
(Clogg, 1981), same-different errors (Rothkopf, 1957), and word associations (Tversky &
Hutchinson, 1986).

Another type of data which may yield asymmetric similarity measures are conjoint
distances (Coombs, 1964, p. 44). Conjoint distances occur when pairs of pairs of stimuli are
compared and both pairs have a stimulus in common. Examples of observational schemes for
these data are: picking & out of n-1 stimuli that are most similar to the reference item, ordering
k out of n-1 objects in terms of relative similarity to the reference item, the method of n-
dimensional rank-order, the method of anchor-point ordering and the method of triads.

Asymmetry in similarity ratings has been demonstrated by Tversky (1977), who found
that stimuli that are prototypes of a stimulus domain are judged less similar to their variants
than the other way round. In this study, North Korea was judged more similar to China than
China to North Korea. Rosch (1975) observed that the perceived distance from a prototype or

focal element to a variant was greater than the distance from the variant to the prototype.



Nosofsky (1991) related other properties of stimuli such as salience, hierarchical status, good
stimulus, easily encoded stimulus and high-frequency stimulus to the asymmetry in
confusions between stimuli. Similarly, large cities interact more often with small cities than the
reverse (Tobler, 1976; Constantine & Gower, 1982); asymmetry in brand switching may
indicate the properties of brands that contribute to the success of attracting consumers from
brands that do not share these characteristics (DeSarbo & De Soete, 1984); in sociometric
research, asymmetry in liking can be a measure of the popularity of a child (Collins, 1987).

In this paper, it is shown that all major asymmetric models in the literature can be
decomposed into a symmetric part and a "pure” asymmetric part, called skew-symmetry, by
applying a decomposition theorem from linear algebra. The decomposition is used in the
literature (Gower, 1977) to decompose the data into a symmetric and skew-symmetric part,
where these two components are analyzed separately. A psychological interpretation of this
decomposition of the data is that the symmetric part can be viewed as a similarity part, whereas
the skew-symmetric part can be interpreted as a dominance or preference component. In the
present paper, the decomposition is applied not only to data matrices, but also to subsets of
model parameters. This provides a separation of the model into a symmetric component and a
skew-symmetric component. At various places throughout this paper, we replace old
parameters by new ones that are more easily interpreted in terms of similarity and preference
than the original parameters.

We start our discussion with the decomposition of an asymmetric matrix, and we
discuss some related results. In the next section we apply this decomposition to the similarity
bias model, and we give an overview of its special cases. It is shown that the similarity bias
models and its special cases assumes asymmetry as a transitive relation. Because of this
transitive relationship, we may also say that these models relate the asymmetry between stimuli
to properties of the individual stimuli. We continue with a section where we discuss models
that go beyond the similarity bias model, that is, additional asymmetry is explained by a
pairwise relation between two stimuli. This class of models can represent circular or
intransitive asymmetric relationships. We conclude our exposition with a summary and

discussion.



Additive Decomposition of Asymmetry

Any square non-symmetric matrix Q with n rows and n columns can be additively

decomposed into a symmetric and a skew-symmetric matrix,
Q=S+A, (1)

where S is a symmetric matrix of averages Sij = {Qij +gj; }2, with (i=1,...,n; j=1,...,n), and
A a skew-symmetric matrix with elements a;; = {g;; — g;;}/2. This result can be found in a
number of textbooks on linear algebra, see for instance Noble and Daniel (1988, p. 20). The
property ajj = —aj; is called skew-symmetry and sometimes anti-symmetry. The matrix A
describes the departures from symmetry, and can be viewed as the preference or dominance
part of an asymmetric matrix; if g;>g;; then g;;>0. The matrix § describes the departures from
asymmetry, and can be viewed as a matrix with (dis)similarities.

The decomposition has some interesting mathematical and statistical properties. A
convenient property is that the matrices A and S are uncorrelated, the sum of squares of the
matrix Q can be decomposed into a sum of squares due to symmetry and a sum of squares due

to skew-symmetry:
ORI RN I
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Because of this split of the sum of squares, the two components can be viewed independently.
A related result is that the matrix S is the best symmetric approximation to the matrix Q in the
least squares sense. If we let §ij denote any symmetric quantity, not necessarily the mean of

the values in the upper and lower triangle, we always have

3% (gij 5 )2 =Xi%; (sij —§ )L % 4



where the first component of the right hand side is zero by setting §;; = s;;.
Under multinomial sampling, the matrix S is equal to the maximum likelihood
estimator of a symmetric matrix; the hypothesis of symmetry or no important asymmetry can

be tested by the chi-square statistic (Bowker, 1948):

Qzl—qll
2= 22 qij * 4ji

i <j

This statistic follows an approximate chi-square distribution with n(n — 1)/2 degrees of
freedom.

A permutation test for symmetry in a proximity matrix has been developed by Hubert
and Baker (1979). The measure is based on the correlation between the elements of a square
matrix and its transpose. A test of significance is derived from a reference distribution.
Different permutations of the rows and columns yield matrices with different elements in the
upper and lower triangles, and hence yield different correlations between the original matrix
and the permuted matrix. From these permuted matrices a reference distribution is derived for
testing the significance of the observed correlation. A correlation is always between —1 and 1,
here perfect positive correlation means symmetry of the proximity matrix and perfect negative
correlation means skew-symmetry; a coefficient between these two values indicates that there

is some asymmetry in the data.

Transitive Asymmetries

In this section we discuss models that assume that the direction of asymmetry is a transitive
relation, that is, the following transitivity condition holds for all triples i,j,k: if gjj>gji and
qjk>qkj, then gik>qki. (Holman, 1979; Nosofsky 1991). In terms of skew-symmetry we
would have the condition: if a;j>0 and ajk>(), then we must also have a;;>0, for all triples

ijk.



A general class of models (Holman, 1979), also called similarity-bias model

(Nosofsky, 1991), gives the proximity of stimulus i to stimulus j by:

gjj = F(sij +rp+ Cj)

where F is a general monotonic function, Sij is a symmetric similarity function and r; and ¢j
are bias functions on the rows and columns. In the case we choose F equal to the exponential
function, the additive model can also be written as a multiplicative model.

We will apply the decomposition to the bias components of the model, r; + cjs which
yields a symmetric similarity and skew-symmetric preference part. Firstly, we define new
parameters u; =(r; + ¢; )/2 and a; =(r; — ¢; )/2. The asymmeitric part or bias components of the

model can now be written as the sum of a skew-symmetric part and a symmetric component

T+ ¢ =(ui+uj)+(ai—aj).

The term u; + uj is symmetric, and the term a; — aj is skew-symmetric, because we always
have a; — aj = —(aj — a;). Here, the bias components have been decomposed into a symmetric
part that is usually interpreted as a unicity or specificity effect (Winsberg and Carroll, 1989),
and a skew-symmetric part that can be interpreted as a dominance effect. The skew-symmetric
part of the models is related to individual properties of the stimuli, that is, skew-symmetry is
predicted by the difference function g; defined on the properties of the individual items. The
skew-symmetric part of the bias components is also called the linear model for skew-
symmetry because the parameters provide a scale for the stimuli, in such a way that skew-
symmetry between the stimulus on top and all other stimuli is positive. The difference between
two points on this scale is proportional to the magnitude of asymmetry between two stimuli.
Thus, in for instance an identification experiment the stimulus on top is more often confused
with the other stimuli than that the other stimuli are confused with the stimulus on top.
Moreover, if we set the function F of the similarity bias model equal to the identity function we

have the stronger condition in terms of skew-symmetry: if ajj = a; - aj» then



ajj + ajk = aik-

The models to be discussed in this section exhibit this form of skew-symmetry or they can be
reduced to this form of skew-symmetry after a suitable logarithmic transformation.

The similarity-bias model is a hybrid model (Carroll, 1976; Carroll and Pruzansky,
1981) because it can be viewed as a mixture of two different kinds of models: the similarity
function can be continuous and the bias functions can be discrete. The special cases of the
similarity bias model are further classified by the structure that restricts the similarity
parameters. We have distance models, where similarity is related to distance in some
psychological space, similarity-choice models where similarity is in general unconstrained and

feature models where similarity is related to a pairwise relation on a feature set.

Distance models

A number of multidimensional scaling models are special cases of this general hybrid
model. MDS models that include bias components for the symmetric and skew-symmetric part
have been proposed by Weeks and Bentler (1982) and Saito (1991). Explicitly, their model

can be written as
g9jj = k—F{dij(X)+ i+ Cj},

where a'ij(X) is the Euclidean distance function. It is a special case of the similarity-bias model
with the Euclidean distance as a dissimilarity function, the function F is set equal to the identity
function and r; and ¢j are row and column biases. The constant k, typically chosen as the
largest element of Q, converts the dissimilaries given by F {a’ij(X)+ rp+ Cj} into similarities.
Multidimensional scaling models search for a spatial representation of the objects or stimuli in

a space of low dimensionality, in such a way that the distances among the n points



approximate the dissimilarities as closely as possible. The Euclidean distance function is

defined as:

dij(X) =\ E 5 (xjs ~ xj5 )2,

where x;; is the coordinate of object i on dimension s.

The Euclidean distance function satisfies the following axioms:

dij 2d;;=0 (minimality)
djj =dj; (symmetry)
dij <dj+ djk (triangle inequality)

The minimality axiom states that the distance between two objects should always be greater
than or equal to zero; the distance between an object and itself should be zero. The symmetry
axiom states that the distance from i to j should be equal to the distance from j to i. The triangle
inequality states that the distance from i to j is smaller or equal to the distance from i to j if we
travel via k. For overviews of MDS we refer to Kruskal and Wish (1978), Carroll and Arabie
(1980), Wish and Carroll (1982) and Coxon (1982).

To illustrate the role of the bias parameters in a multidimensional scaling analysis we
apply the model to word association data presented in Table 1. The purpose of the study was
to design an advertisement for shampoo. The table entries represent association frequencies
with which each column phrase was mentioned when the experimenter presented a row
phrase. For further details of the experimental procedure we refer to Harshman, Green, Wind

and Lundy (1982).

--- Insert Figure 1 and Table 1 about here---

The word-association data consist of similarity data, and before a distance model can be

applied they have to be converted to dissimilarities. This was done by applying a logarithmic

transformation to the probabilities gjj, which gives



mij =-log gij,

where the quantities mjj are dissimilarities, which were used as input to the model

mjj = ij(X)'*' ri+cj.

The symmetric part of the biases, which are the averages of the row and columns
biases, are displayed on the horizontal axis in the left panel of Figure 1. The skew-symmetric
part of the biases are computed by subtracting the row biases from the column biases and
dividing the result by two. The skew-symmetric biases are displayed on the vertical axis.
Here, we have a positive relationship between the symmetric and skew-symmetric part of the
biases. In the Euclidean space of the model, displayed in the right panel of Figure 1, a cluster
structure appears consisting of three clusters, the first cluster has members bouncy,
manageable and fullness; the second cluster has members natural, not limp, zesty and holds
set; the third cluster consists of a single member, body. The phrases in the centre of the
configuration have smallest asymmetries and small unicities; large asymmetries and biases are
associated with peripheral stimuli.

Others, such as Okada (1988 a,b) proposed a special case of the similarity-bias model
with the Euclidean distance function as a similarity function and a linear skew-symmetric
function to accommodate asymmetry. The model by Okada has no unicity components, that is,
there are no bias components for the symmetric part. This model posits that the (dis)similarity
between two objects can be explained by a distance model, and that the bias components are
needed for modelling the asymmetry.

The slide-vector model attributed to Kruskal in De Leeuw and Heiser (1982), see also
Zielman and Heiser (1993), represents asymmetry by adding a vector to the dimensionwise
differences. This vector corresponds to a shift or translation of the points in one direction.

The model is written as:

qij = \/Zs (xig — Xjs + zs)2,

10



where zg are the elements of the slide vector z.
The slidevector model is related to the unfolding model, which associates with each

object i a row point x; and a column point y;, with distance

dii(XY) =\ Z g (xig — js )2,

where only the distances between points of different sets are compared; the distances within
each of the two sets are only implicitly defined. The unfolding model considers the symmetric
and the asymmetric part of the data as inseparable; see Coombs (1964) or Heiser (1981) for a
discussion of the unfolding model. It is not hard to verify that the slide vector model is a
special case of the unfolding model with yjg = x5 — 2.

If we inspect the squared distances, it becomes clear that in the slide-vector model a

symmetric and a skew-symmetric part can be distinguished

Qi§ =X (xis — %js )2+ X 28 + 285 75 (xis - Xjs )-
From this decomposition it follows that the model assumes points laying far apart to be more
asymmetric than points laying close together on a dimension, because both the symmetric part

and the skew-symmetric part are functions of the dimensionwise differences x;g — xjs. The

term
2szs ( xjg — Xjs )
is skew-symmetric, a property that is difficult to recognize in the original form of the model.

---Insert Figure 2 about here---
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This representation of asymmetry and dissimilarity is illustrated in Figure 2, where four
objects A, B, C, D are depicted as points in a two-dimensional space. The dashed lines in the
figure correspond to the projections of the objects on the slide vector. Objects with high
projections dominate objects with low projections; in this example object A clearly dominates
the other objects. The distances among the points can be interpreted as the similarity or
resemblance of the objects; object C is more similar to object D than to object A. The skew-
symmetric part of the model is compensatory, because the total difference may vanish if large
differences on the first dimension are compensated for by differences with opposite sign on
the other dimensions. This is the case between objects A and C, because object C projects
highest on the second dimension and object A projects highest on the first dimension. The
resulting asymmetry is very small, compared to the asymmetry between objects A and B,
where A projects highest on both dimensions.

MDS models that do have symmetric bias components but lack the skew-symmetric
bias components have been proposed by Bentler and Weeks (1978) and De Leeuw and Heiser
(1980). In the context of MDS the symmetric part of the biases can be thought of as unique
dimensions (Bentler and Weeks, 1978) or a star-tree (Carroll, 1976); this star-tree can
accommodate high centrality or nearest neighbor data (Tversky and Hutchinson, 1986). If
object i is a nearest neighbor in the set, the object is the most similar object to all the other
objects. Multidimensional scaling imposes a bound on the number of objects that can be the
nearest neighbor to an object. However, when the MDS model is extended with additional bias
components, this bound is relaxed. If object i is the nearest neighbor of all other objects the
corresponding value of the unicity is the smallest among all items.

The distance-density model (Krumhansl, 1978, 1982, 1988) has a similar structure as
the previous distance models, but here the bias components are related to the density of points
in a region of the multidimensional space. Dissimilarity is modelled as a function of the inter-
point distance and the local density of points in the configuration between two objects. The

formal structure of the model is:

d,-j(X,a,ﬁ) = d,-j(X) + av; + B,

12



where v; 15 a measure of density of points surrounding point i in the configuration. The
distance-density model assumes that within dense subregions of the space finer
discriminations are made than within less dense subregions, thus, two points within dense
subregions have larger dissimilarities than two points of equal interpoint distance within less
dense subregions. The diagonal elements are related to the direction of asymmetry because if i
i1s more similar to j then it is also the case that i has a higher selfsimilarity than j. The
symmetric elements of the distance-density model are a’ij(X) + (P (v; + vj), and the skew-
symmetric elements are (a—f)(v; — 1)j)

Krumhansl (1978) proposed three measures of density: first, the self similarities (the
diagonal of the original table); second, the weighted sum of the distances from an object to the
other points, weighted in such a way that the small distances contribute more to the density
than the large distances; and thirdly the number of points within a fixed radius of the point.
The distance-density model has been extended to tree models by De Sarbo, Manrai and Burke
(1990), where density can be estimated from the number of nodes to pass in a hierarchical

cluster diagram, or from the number of objects in the same cluster.

Choice models
The similarity choice model (Luce, 1963; Shepard, 1957; Townsend & Landon, 1982), where
asymmetry is obtained by multiplying a symmetric term by a factor for rows and a factor for

columns, is written as

4= Bj nij .

2B ik
This is a multiplicative version of the similarity bias model,with F as the exponential function,
a similarity function log 77j, a row bias term log fB; and a column bias term log2.; Sk Njk- The
B parameters reflect the tendency to favor some responses over others, and they will account
for at least part of the asymmetry in the data. For identification purposes we may require

kB =1 and n;; =1 for all i. The 7;; parameters are symmetric similarity parameters; these

13



parameters can, after transformation to dissimilarity, be further analyzed by a MDS program.
The transformation from similarities to dissimilarities is often done by a logarithmic function
(Heiser, 1988). Note that the normalizing term in the denominator, can also be seen as a row-
specific factor accounting for asymmetry, since even if ﬁj =1 for all j, Q will generally not be
symmetric.

The quasi-symmetry model (Caussinus, 1965) is very similar to the similarity choice
models and also supposes a symmetric model for pairs, and parameters for the column
categories ﬁj, but here the parameters for the row categories o; cannot be expressed in terms

of the other parameters. Explicitly, the model is written as

9ij = % Py mij

To identify the parameters of the model, we have to specify some constraints, a discussion of
possible constraints can be found in Constantine and Gower (1982).

When the row sums are different, we usually apply the quasi-symmetry model. When
the rows sum to one, the parameters of the quasi-symmetry model can be expressed in the
form of the similarity choice model. In the similarity choice model, the o; parameters appear
in the denominator which is expressed in terms of the mij and ,BJ parameters. Reasoning along
similar lines as in the choice model, we may rewrite the quasi-symmetry model as a similarity
bias model with F an exponential function and s;; = log 7;5, rj =log o; and ¢j =log B;.

A least squares version of the quasi-symmetry model has been proposed by Levin and
Brown (1979). Their method maximizes symmetry of the rescaled datamatrix using a least
squares criterion. The analysis yields rescaling coefficients, which can be interpreted in a
similar way as the quasi-symmetry model. The procedure can be described as trying to fit a

model of the form

dijvi = Sij>

14



where v; are rescaling coefficients. When a perfect rescaling is possible in the sense that S is
P
indeed symmetric, we may rewrite this equation as 9jj = ;’1 The quasi-symmetry model can be
i
. . . . - %) - .
written in this form by defining o= b—l and 7 ij:ﬁiﬁjn,-j . Then the model can be written as
i

qij = &Xinjgj.

Thus, in the case we have a perfect fit, Levin and Brown's (1979) procedure becomes a way
to fit the quasi-symmetry model with o =;1— Applying the decomposition into a symmetric
i

and skew-symmetric component we have for the skew-symmetric elements:
aij=(0!i— Otj) nij.

This form of skew-symmetry differs from the linear model because we have applied the
decomposition to the untransformed elements instead of the logarithms of the data elements.

A related possibility for dealing with asymmetry is to transform the asymmetry away
by monotone or some other form of regression. This is usually done simultaneously with a
multidimensional scaling program (Kruskal, 1964 a,b). This can be done row-conditionally
which means that values within rows are regarded as comparable with each other, and values
among the rows are regarded as incomparable. In the case of linear transformations with no
additive constant in the regression equation, this approach is basically the same as the
procedure of Levin and Brown (1979), because the target (the distance matrix) is symmetric,
so that the rescaling will optimize the symmetry of the transformed data as well. If the data are
linearly transformed, the regression weights can be interpreted as bias parameters or the

tendency to favour some responses over others.

Feature models
Tversky (1977) challenged the dimensional-metric assumptions that underlie the

geometrical approach to the analysis of similarity. From a set theoretical viewpoint the feature

15



matching model was developed. The feature matching model assumes that each object is
characterized by a set of features. The similarity between objects i and j is expressed as a
function of their common and distinctive features. The additive version of the model is called

the contrast model. In terms of similarities we have:
gij =01 - afi-j-BLG-i,

where (i N j ) 1s the number of features shared by objects i and j, (i —j) are the set of features
unique to object i with respect to object j, (j — i) is the set of unique features belonging to
object j with respect to object i and f is a measure function of the features. The psychological
content of the model is discussed in Tversky and Gati (1978). The parameters 6, o, 3 are
assumed to be positive; they must be estimated from the data, which can be done by linear
regression techniques. The function f measures the contribution of the individual features to
the similarity between the objects. If the values of ¢ and 3 are different the model represents
asymmetry; if the values are equal we have a symmetric model. In addition to representing
asymmetry, the model describes differences in self-similarities of the objects as well. The
feature matching model implies that if i is more similar to j it must be true that j is more self
similar than i (Nosofsky, 1991).

The additive version of the feature matching model can be conveniently decomposed
into a symmetric and skew-symmetric part, where the symmetric part consists of a common
features term and a term representing the number of features, the skew-symmetric part of the
data is predicted solely from the number of features. First we note that the feature matching

model can be rewritten as
qij=(8 + o+ Y (N~ af ()~ Lj),
where the asymmetric biases represent the number of features. The symmetric part is given by

57 =m0 + o+ BIE G ) +o-B) £ ) + (a-B)BIG),

16



and the skew-symmetric part is given by
1 . :
ajj=»(B-a) £ (i) ~(B-0)f(),

The major problem of the feature matching model is that application of the model is limited to
the case where a suitable feature set can be defined. This problem is sometimes relatively easy
to solve, for instance in case of a letter confusion matrix (Keeren and Baggen, 1981), and
sometimes difficult to solve, for instance in the case of a matrix with sociometric interactions.
Additive trees (Sattath and Tversky, 1977) represent objects as "leaves” on a tree in
such a way that distances calculated between the leaves via the arcs of the tree correspond as
closely as possible to the dissimilarities. Additive trees are also known under the name "free"
tree (Cunningham, 1978) and "path length tree” (Carroll, 1976). As explained by Sattath and
Tversky, a tree is a distinctive feature model, where each arc represents a feature, and stimuli
that follow from that arc possess a feature. The tree distance between two stimuli can be

written as

djj = Xkok (1-pik)pjk +Xkok (1-pjk)pik »
where af is a measure of feature k, and pjk denotes an indicator variable; if the value of the
indicator variable is one, object i possesses feature k, and if the indicator variable is zero,

feature k is not a feature of object i. Cunningham (1978) generalized the tree to a bidirectional

tree by differentially weighting the path lengths

djj = Zkok (1-pikdpjk +XkPk (1-pjkpik »

thus if the subscripts of djj are reversed, the set of weights differ. Applying the

decomposition, we have for the symmetric part

17



sij :%Zk(ak +Br M (A-pikdpjk +(1-pjk)pik},

which can be interpreted as an additive tree with averaged weights. The skew-symmetric part

of a bidirectional tree can be written as

ajj %Zk(ak B M (1-pitdpjk -(1-pjidpik },

which can be simplified further by expanding the product terms as

ajj = %Zk( ok -Bk 1 pjk -pik }

= gj-aj.

with g; defined as %Ek( o - Pk )pik/2. The present analysis shows that a bidirectional tree can
be written as the sum of a symmetric additive tree and skew-symmetric biases for modelling
asymmetry. A useful result for data analysis is that we may construct a bidirectional tree from
an additive tree from the symmetric part and a lincar model from the skew-symmetric part. It is
well known that the least squares estimates of the linear model can be obtained by computing
the row means from a skew-symmetric matrix. The last step in this methodology is to stretch
or shrink the unique arcs of the tree. This can be done by doubling these arcs and then adding
the row-mean of object i to one arc and subtracting the row mean from the other.

Dobson (1974) has shown that for symmetric proximities an additive tree can be
decomposed into an ultrametric tree and a star tree. A star tree is a tree with one internal node
connecting all objects and this structure can also be represented by the linear form u; + ij .
This result can also be applied to bidirectional trees, because it has been shown that the
symmetric part is represented by an additive tree. The implication is that a bidirectional tree is
also represented as a similarity-bias model with asymmetric biases and an hierarchical tree
representation for the similarity part. We conclude that a bidirectional tree can be represented
as a similarity bias model with either an additive tree with skew-symmetric biases or an

hierarchical tree with asymmetric biases.
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Intransitive or circular asymmetries

In the previous section we have discussed models that assume that asymmetry is a transitive
relation, the present section discusses models that relax this condition. The transitivity
condition need not hold for all triples i,j,k, that is, we may still have transitivity: if gjj>gj; and
qjk>qkj, then gik>qki. but we may also have gjk<qki. In terms of skew-symmetry we would
recognize an intransitive triple by: if ;>0 and ajk>0, then we have a;jk<0, for some triples
i,j,k. In the choice literature intransitivitics are also called circular triads, because when three
stimuli are represented in a graph, the directed arrows indicating the sign of the relation follow

a circle.

Decomposition of a skew-symmetric matrix

Gower (1977), Constantine and Gower (1978) and Gower and Digby (1981) studied
the singular value decomposition of the skew-symmetric matrix A. The singular value
decomposition is a bilinear method, which means that there are two sets of parameters, each of
which forms a linear function with respect to the other. It decomposes any matrix B into a

product of the form:

B=WAYV.

Here W and V are both orthogonal matrices, i.e. W'W =T and V'V =1, and A is a diagonal
matrix with singular values. For a skew-symmetric matrix A the singular values come in pairs,
i.e. A contains the singular values 17, A],..,45/,, A/p, With the last singular value being
equal to zero when n is odd. Due to this peculiarity, the singular value decomposition of a
skew-symmetric matrix can be rewritten into a form that better expresses its fundamental

structure:
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A=WAJW,

where W and J are again orthogonal matrices and A is the diagonal matrix of singular values
as defined above. The matrix J is a block diagonal matrix with 2 by 2 sub-matrices with zero's
on the diagonal, 1 above the diagonal and -1 below the diagonal. When » is odd the last
diagonal position is filled with a zero. The presence of J makes the left singular vectors W a
permutation and reflection of the right singular vectors WJ'. A one-dimensional representation
of skew-symmetry with the SVD does not exist (Gower, 1977).

If we denote the first column of W by e and the second by f, the two-dimensional

model is given by the elements

aijzﬂ'](eiﬁ' —fiej)- 2)

, ej . . .
If we define g,‘:f—; we may also write the equation above as the product of a linear part

and skew-symmetry part
ajj = A1fif; 8i- 8j)-

A necessary condition for occurence of intransitivities is that some of the products flﬁ are
negative while others are positive; however, this is not a sufficient condition. A small example

with three objects is given by

1 1
f=| —1|and g=| 2 |, which yields the predicted values
1 3
0 1 =2
-1 0 1
2 -1 0

Here, object 1 is preferred over object 2, and object 2 is preferred over object 3, but it is not

true that object 1 is preferred over object 3.
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Interpretation of skew-symmetry analysis is simplified by plotting the objects o; with
coordinates (e;f;) in a two dimensional space. In such a diagram, twice the area of the triangle
with vertices at the two points and the origin O is an approximation of the element ajj. This
diagram is also called a Gower diagram. The areas of the triangles O o; 0; and O o; o; are
equal, but they have opposite sign, thus modelling skew-symmetry. Two points may be far
apart while there is still a perfect symmetric relation, this happens when two points are located
on a line that passes through the origin. The representation of points by vectors will be more

useful; this is illustrated in Figure 3.

---Insert Figure 3 about here---

Three objects are depicted in Figure 3; the relation between objects j and k is symmetric, the
relations of these two objects to object i are asymmetric. For two vectors of equal length, the
greater the angle between two vectors, the larger the asymmetry.

If all points are collinear on a line (or almost collinear) the asymmetric part of the data
can be modeled by a linear skew-symmetric function. This special case has been studied by
Weeks and Bentler (1982), Okada (1988 a,b), Takane and Shibayama (1986) and Holman
(1979) and - in the context of Thurstone case V scaling — by Mosteller (1951) and Gulliksen

(1956). This simple linear form of skew-symmetry can be written as:

ajj =aj -aj.

Note that this equation is obtained from equation (2) if we substitute e; =¢j=1 and a; =Af;.

We will now illustrate the SVD of a skew-symmetric matrix with an example.

The Rothkopf (1957) Morse Code Data
Rothkopf (1957) collected a set of confusions among 36 auditory Morse code signals.
The signals, given in Table 2, are composed of a series of short and long signals. Subjects

listened to two signals and were required to state whether the two signals presented were the
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same or different. Table 2 presents a portion of this larger table. Each number in the table is
the proportion of 150 respondents who responded "same" to the row signal followed by the
column signal. The singular values are .309, .115, .114, .051 and .018. Because the singular
values come in pairs, a model that consists of one Gower diagram would account for 76
percent of the variance in the skew-symmetric part of the table. The first Gower diagram,
shown in Figure 4, shows asymmetries that occur due to changes between long tones and
short tones. In the lower right corner of the diagram we find digits where the switch between
different lengths in the signal occurs after the first or second tone (1,2,6,7); in the upper right
corner we find the switch after the third and fourth tones (3,4,8,9); in the upper left corner we
find the homogeneous tones (5,0). The largest skew-symmetry in the diagram is between digit

5 and 6.

---Figure 4 and Table 2 about here---

Small asymmetries occur between dissimilar pairs such as (1,6) and (2,7), because these pairs

are close together on the map.

The DEDICOM model
The DEDICOM (DEcomposition into DIrectional COMponents) model was proposed

by Harshman, Green, Wind and Lundy (1982), and decomposes an asymmetric matrix as:

Q=LRL

The matrix L denotes an n by p matrix of loadings of the n observed objects onto p
dimensions or aspects of the objects, and the matrix R of order p by p is an asymmetric matrix
describing the directional relationships among the components or dimensions. Thus, according
to the DEDICOM model any asymmetry between the objects is due to asymmetric relations
between the dimensions. The DEDICOM model is a special case of factor analysis or

components analysis in the sense that the factor loadings for the rows are a linear
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transformation of the factor loadings of the columns. It should be noted that the one-
dimensional model is symmetric.

Applying the general tactic again, the matrix R can be decomposed into a symmetric
part C and a skew-symmetric part T. As a result of the distributive properties of matrix

multiplication the model can be decomposed into a symmetric part and a skew-symmetric part:

Q=LRL=LCL +LTL.

It follows that the DEDICOM model is an additive scalar product model; the model is the sum
of an oblique factor model for the similarity part and a skew-symmetric function of the factors
for the dominance part. Because the structure of the skew-symmetric part of DEDICOM is
equivalent to a SVD of a skew-symmetric matrix, DEDICOM also accomodates the possibility
of circular triads.

There is a rotational indeterminacy in the model. This rotational indeterminacy may be
used to rotate the matrix with loadings to obtain a simple diagram. The matrix L. may be
rotated if we pre- and postmultiply R by the inverse of the chosen rotation matrix. A
convenient choice of a rotation matrix is the matrix with singular vectors of the SVD of the
matrix T. If the matrix L is rotated by this rotation matrix the diagram of two dimensions can
be interpreted as follows: the angle of two vectors multiplied with the obliqueness of the axis
corresponds to the symmetric part of the matrix Q, and the area of the triangle corresponds to
the skew-symmetric part of the model as in the SVD method of a skew-symmetric matrix. If
we choose this rotation matrix, the matrix R is symmetric except in its 2 by 2 diagonal blocks.
The first dimension is asymmetrically related to the second dimension and not to any other
dimension. Of course the SVD of the matrix T remains interesting in its own right because a
plot of the singular vectors shows graphically how the dimensions are related.

If we have a two-dimensional solution there is another useful rotation. This rotation
method shows the close relationship with the SVD. First, we compute the eigen
decomposition of the matrix C = KAK'". Second, assuming the inverse A—1/2 exists, the

matrix L is rotated with the scaled eigen vectors KA~1/2 of the symmetric matrix C. The
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matrix T is a 2 by 2 skew-symmetric matrix that can be written as tJ, where 7 is a scalar and J
= ? i (1)) The matrix T is rescaled by this rotation with values AqA,. Using this rotation the
matrix C reduces to the identity matrix. When the objects are plotted using the coordinates of
LKA-12 the area between the points and the origin corresponds to the skew-symmetric part,
while the angle between points corresponds to the symmetric part.

The two-dimensional DEDICOM model has been proposed under the name

ASYMSCAL by Chino (1978). The R matrix in Chino's method has a very special structure:
R=ol+pf],

where a,f3 arc parameters to be estimated, I is the identity matrix of order 2 by 2 and J is a 2
by 2 skew-symmetric matrix with a one above the diagonal; the cell below the diagonal is filled
with -1. After the rotation of the two-dimensional DEDICOM described previously, the R
matrix of the DEDICOM model has similar structure with a=1. The models are identical
because we may rescale the matrix with loadings, if we adjust the R matrix by the inverse of
the rescaling factor.

Algorithms for fitting the DEDICOM model are given by Kiers (1989) and Kiers et
al.(1990). An algorithm for fitting the off-diagonal DEDICOM model is given by Ten Berge
and Kiers (1989). This algorithm is nearly identical to Chino's (1978) algorithm; the

difference between these two algorithms is that the R matrix is estimated in different ways.

ASYMSCAL
Young (1975, 1984, 1987) proposed a weighted Euclidean distance model to represent

asymmetry:
dif(X) = Xgwis (Xjs = xjs)z’

where the weights w; are specific for each stimulus i and dimension s. When the weights are

unity the model reduces to the Euclidean distance model. The asymmetry is accounted for by
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row or stimulus weights operating on the dimensions of the configuration. For each stimulus
the dimensions of the configuration must be adjusted by shrinking or stretching the axes.
Thus, for every stimulus the analysis yields p row weights resulting in n by p additional
parameters, and also » different configurations. A remedy to reduce the number of parameters
is to average the weights over meaningful clusters of objects and then plot spaces for groups
of objects using the averaged weights.

The ASYMSCAL procedure has skew-symmetric elements that is the product of a

linear function and a symmetric squared distance component:
1 S (w; . . . 32
2 2sWis — wig)(Xjs — Xjg)*.

The one dimensional version of the model satisfies the transitivity condition, because the
distances are positive. In one dimension the skew-symmetric elements are similar to those of
the choice models. In this case the model can be interpreted as a similarity bias model with F
an exponential function, log (x;5 — xjs)2 a similarity function, logw;s a bias term for rows and
no bias terms for columns.

In more than one dimension, the model can represent intransitivities because different
contributions of the skew-symmetric part have to be added. The differences in skew-symmetry
between the object weights are larger for dissimilar objects, because these differences are

weighted by (xj¢ — js)z-
Discussion

Our point of view that asymmetric proximities are a combination of similarity and
dominance provides a classification of methods for asymmetric proximities. The first class of
methods that have been described, usually called the similarity bias model, predicts asymmetry
from a linear function. In this paper it is shown that additional models are special cases of this
general model (Weeks and Bentler, 1982; Okada, 1988a, 1988b; Saito, 1991; Levin and

Brown, 1979; Cunningham, 1978). Because of this linearity, the asymmetries predicted by the
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model satisfy the transitivity condition. The second class of models have the possibility of
representing intransitivities or circular triads. Another difference between the two classes is
that the skew-symmetric part of the models in the intransitive class are multidimensional,
whereas the skew-symmetric part of the transitive models are one-dimensional. The one-
dimensional versions of the models from the first class are not interesting or do not exist.

The decomposition of bias parameters into a dominance and a specificity component
provides a more natural interpretation than row and column biases. These interpretations of
specificity and dominance are generic names, for the symmetric and skew-symmetric parts of
the biases. In applications, the process or processes to which these components refer can
hopefully be identified. The feature matching model and the distance density model deserve
special attention here, because two components refer to the number of features and the density
of points, respectively. The slide-vector model and the DEDICOM model provide examples
where dominance is a function of the similarity parameters.

Although a number of models have been proposed for the analysis of asymmetric data
tables, software for computing the parameters is not readily available. Packages like SPSS,
BMDP or SAS only offer the model of quasi-symmetry and the similarity-choice model.
ASYMSCAL is an option in the ALSCAL program, which is available in the SPSS program.
Even the SVD of a skew-symmetric matrix is difficult to obtain. Although most programs have
a procedure for principal components analysis, this procedure works after standardizing the
variables. For the other models researchers have to write the programs themselves, or ask for
prototypes.

Progress in this area can be expected to come from software development that is easily
accessible. For the models satisfying the transitivity condition, we may see three-way models,
where asymmetry is studied in different conditions in the future. For the models that may

represent intransitive asymmetries, it seems less clear where progress can be made.
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Figure 1: Left panel: on the horizontal axis the symmetric part of the bias components, on the
vertical axis the skew-symmetric part of the bias components; right panel: the scaling

configuration.
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Figure 2: Joint representation of the symmetry and asymmetry by the slide-vector model



Figure 3: Representation of asymmetry by the bilinear model
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Figure 4: First Gower diagram for the Morsecode data
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Table 1: Word association data; rows refer to words presented and columns refer to responses

Body - 44 5 23 1 19 1 3
Fullness 22 - 5 3 1 9 1 2
Holds Set 17 21 - 5 0 17 0 5
Bouncy 15 12 3 - 1 5 0 14
Not Limp 28 27 4 18 - 4 1 7
Manageable 17 13 11 2 0 - 0 3
Zesty 7 9 2 22 0 4 - 13
Natural 4 9 1 2 0 7 1 -

Table 2: Digits in the Morse code confusions data

Stimulus Signal
- 84 63 13 08 10 08 19 32 57 S5

—

- 18 64 86 31 23 41 16 17 08 10

..... 14 10 30 69 90 42 24 10 06 05
15 14 26 24 17 88 69 14 05 14
- 22 29 18 15 12 61 85 70 20 13
---. 42 29 16 16 09 30 60 89 61 26
-—--. 57 39 09 12 04 11 42 56 91 78

o) =] 0o ~ (@) () ~ w [\
1

----- 50 26 09 11 05 22 17 52 81 94



