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Abstract
Predicting future outcomes based on knowledge obtained from past observational data
is a common application in a wide variety of areas of scientific research. In the present
paper, prediction will be focussed on various grades of cervical preneoplasia and neoplasia. Statistical tools used for prediction should of course possess predictive accuracy, and
preferably meet secondary requirements such as speed, ease of use, and interpretability of
the resulting predictive model. A new automated procedure based on an extension (called
“boosting”) of regression and classification tree (CART) models is described. The resulting
tool is a fast “off-the-shelf” procedure for classification and regression that is competitive
in accuracy with more customized approaches, while being fairly automatic to use (little
tuning), and highly robust especially when applied to less than clean data. Additional tools
are presented for interpreting and visualizing the results of such multiple additive regression
tree (MART) models.

1

Predictive learning

In the predictive learning problem one has a system consisting of a random “output” or “response” variable y and a set of random “input”,“explanatory” or “predictor” variables x =
{x1 , · · ·, xn }. In the application that will be given below, the predictor variables are a collection
of qualitative and quantitative features of cells taken from the cervix, and the response variable
gives the histological diagnosis, determined by a biopsy, for each of the cases into five categories,
ranging from mild dysplasia to invasive squamous cell carcinoma. The predictive learning problem defines a “training” sample, {yi , xi }N
1 of known (y, x)–values, where (yi , xi ) links the features
of the ith case with the ith value of the diagnosis variable. The goal is then to use these data
to obtain an estimate of the function that maps the values of the predictor variables x, here the
cell features, into the values of the response variable y, the diagnosis. This function can then be
used to predict the diagnosis for future observations, where only x is known.
In general, we wish to obtain an estimate F̂ (x), of the function F ∗ (x) mapping x to y that
minimizes the expected value of some specified loss function L(y, F (x)) over the joint distribution
of all (y, x)–values
F̂ (x) ' F ∗ (x) = arg min Eyx L(y, F (x)).
(1)
F (x)

In this paper, we shall focus on a particular approach to prediction, which is by the use of regression and classification tree (CART) models (Breiman, Friedman, Olshen, and Stone, 1984).
Formally, a regression tree is defined by a continuous numerical response variable, and a classification tree by a categorical, usually unordered response variable. In the multivariate analysis
context, a regression tree can be compared to multiple regression, and a classification tree to
discriminant analysis. In this paper, we will loosely talk of regression trees for both continuous
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and categorical response variables. A regression tree model T (x; {Rj }J1 ) partitions the x–space
into J–disjoint regions {Rj }Jj=1 and predicts a separate constant value in each one
x ∈ Rj ⇒ T (x; {Rj }J1 ) =ȳj
or equivalently
T (x; {Rj }J1 ) =

J
X

ȳj I(x ∈ Rj ).

(2)

j=1

Here ȳj = meanxi ∈Rj (yi ) is the mean of the response y in each region Rj , so a tree predicts a
constant value ȳj within each region Rj . Regression trees are induced by top–down recursive
splitting based on a least–squares fitting criterion. The parameters of this particular model are
the regions {Rj }J1 of the partition, which in turn are defined by the identities of the predictor
variables used for splitting and their corresponding split points.

2

Using Trees for Data mining

Regression trees have the following desirable properties for data mining, or the analysis of complicated data sets in general. The input variables can be mixtures of all types; numeric, ordinal,
binary and categorical variables are all handled with equal ease. Trees directly handle missing values in a very elegant fashion based on “surrogate” splitting (Breiman et al, 1984). No
imputation schemes need to be employed. The predictive model is invariant under strictly
monotone transformations of the input variables: performing a transformation on any variable
xj ← gj (xj ), where gj (xj ) is any monotone function, produces the same model. Thus, there is
no issue of trying to find “good” transformations beforehand. Trees are immune to the effects
of extreme outliers among the predictor x–variables, thereby easing the data cleaning burden.
If least–absolute–deviation loss, one of the loss functions implemented, is used then there is also
complete immunity from outliers in the output response y, thereby providing total immunity
to the effects of outliers. Unlike near–neighbor and kernel based methods, and support vector
machines, trees are invariant to changing the relative scales of the predictor variables, so there
is no need to experiment with various metrics.
Regression trees perform automatic variable subset selection. In many situations where there
are a large number of predictor variables, only a few of them are actually relevant to prediction.
The performance of many methods (neural networks, near–neighbor, kernel methods, support
vector machines) can degrade dramatically when extra irrelevant predictors are included. The
performance of tree based models are highly resistant to the inclusion of a large number of
irrelevant variables, thereby making feature selection much less of an issue.
With all these advantageous properties, it is no surprise that fitting a regression or classification tree has become a very popular tool for predictive learning in data mining. However, trees
have one major disadvantage, inaccuracy. Although they are sometimes competitive, usually
tree based models do not achieve accuracy close to the best possible in any given application.
Fortunately, a remedy became available through so-called “Boosting”, and boosting tree based
models almost always dramatically increases its accuracy. This is illustrated with the example in
Section 6 as well as in Freund and Shapire (1996), Friedman, Hastie and Tibshirani (2000), and
Friedman (2001). As we shall see in the sequel, MART models combine boosting with regression
trees as their primary ingredient, so they inherit nearly all of advantages of tree based modeling,
while overcoming inaccuracy, their primary disadvantage.
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Gradient Boosting

Technically, boosting takes the estimate F̂ (x) to be an “additive” expansion of the form
F̂ (x) =

M
X

βm h(x; am ),

(3)

m=0

where the functions h(x; a) (“base learner”) are usually chosen to be simple functions of x with
M
parameters a = {a1 , a2, · ··}. The expansion coefficients {βm }M
0 and the parameters {am }0 are
jointly fit to the training data in a forward “stage–wise” manner. One starts with an initial
guess F0 (x), and then for m = 1, 2, · · ·, M
(βm , am ) = arg min
β,a

N
X

L (yi , Fm−1 (xi ) + βh(xi ; a))

(4)

i=1

and
Fm (x) = Fm−1 (x) + βm h(x; am ).

(5)

Here L(y, F ) is the loss criterion (1) chosen to define lack–of–fit.
Gradient boosting (Friedman, 2001) approximately solves (4) for arbitrary (differentiable)
loss functions L(y, F (x)) with a two step procedure. First, the function h(x; a) is fit by least–
squares
N
X
am = arg min
[ỹim − ρh(xi ; a)]2
(6)
a,ρ

i=1

to the current “pseudo”–residuals


ỹim

∂L(yi , F (xi ))
=−
∂F (xi )


.

(7)

F (x)=Fm−1 (x)

Then, given h(x; am ), the optimal value of the coefficient βm is determined by
βm = arg min
β

N
X

L (yi , Fm−1 (xi ) + βh(xi ; am )) .

(8)

i=1

This strategy replaces a potentially difficult function optimization problem (4) by one based
on least–squares (6), followed by a single parameter optimization (8) based on the general loss
criterion L. Often used loss criteria are L(y, F ) = | y − F | (least–absolute–deviation loss)
and L(y, F ) = ( y − F )2 (squared–error loss) for regression (y ∈ R), and I(y 6= F ) for K–class
classification y ∈ {c1 , ···, cK }. The “target” function F ∗ (x) (1) is by definition the best predictor
of y | x under the defined loss L. The data based estimate F̂ (x) is used as a surrogate to predict
y–values for future observations where only the values of x are known.

4

An Algorithm for Boosting Trees

Multiple additive regression trees (MART) specializes the gradient boosting approach to the
case where the base learner h(x; a) is a J–terminal node regression or classification tree (2).
MART employs an iterative algorithm, where now at each iteration m, a new regression tree
Tm (x; {Rjm }J1 ) is built to partition the x–space into J–disjoint regions {Rjm }Jj=1 and predict a
separate constant value in each one
Tm (x; {Rjm }J1 ) =

J
X
j=1

3

ȳjm I(x ∈ Rjm ).

(9)

Here, ȳjm = meanxi ∈Rjm (ỹim ) is the mean of (7) in each region Rjm induced at the mth
iteration. The parameters of the base learner are the regions {Rjm }J1 of the partition, defined
by that tree. With regression trees, (8) can be solved separately within each region Rjm defined
by the corresponding terminal node j of the mth tree. Because the tree (9) predicts a constant
value within each region Rjm , the solution to (8) reduces to a simple “location” estimate based
on the criterion L
X
L (yi , Fm−1 (xi ) + γ) .
γjm = arg min
γ

xi ∈Rjm

The current approximation Fm−1 (x) is then separately updated in each corresponding region
Fm (x) = Fm−1 (x) + ν · γjm 1(x ∈ Rjm ).

(10)

The “shrinkage” parameter 0 < ν ≤ 1 controls the learning rate of the procedure. Empirically
(Friedman, 2001), it was found that small values (ν ≤ 0.1) lead to much better results in terms
of prediction error on future data.
This leads to the following algorithm for generalized boosting of regression trees:

1
2
3
4
5
6
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MART Algorithm
PN
F0 (x) = arg minγ i=1 L (yi , γ)
For m = 1 toh M do:
i
i ,F (xi ))
ỹim = − ∂L(y
∂F (xi )

, i = 1, N

F (x)=Fm−1 (x)

{Rjm }J1

= J − terminal
node tree({ỹim , xi }N
1 )
P
γjm = arg minγ xi ∈Rjm L (yi , Fm−1 (xi ) + γ)
Fm (x) = Fm−1 (x) + ν · γjm 1(x ∈ Rjm )
endFor

Friedman (2001) presented specific algorithms based on this template for several loss criteria
including least–squares: L (y, F ) = (y−F )2 , least–absolute–deviation: L (y, F ) = |y−F |, Huber–
M: L (y, F ) = (y − F )2 1( |y − F | ≤ δ ) + 2δ(|y − F | − δ/2) 1( |y − F | > δ ), and for classification,
K–class multinomial negative log–likelihood.
For K–class classification, MART builds a separate model F̂k (x) for the log–odds of each
class relative to the other classes. Each of these models is a sum of trees
F̂k (x) =

M
X

Tkm (x).

(11)

m=1

induced via Algorithm 1. The models {F̂k (x)}M
m=1 are coupled in that they are constrained so
that at each x the corresponding probabilities are in the range [0, 1] and sum to one.

5

Interpretation

Unfortunately, boosted trees forfeit one of the most important advantages of single tree models,
i.e., high interpretability. The information contained in the entire single tree model can be
completely represented by a two–dimensional graphic (binary tree) that is easily visualized and
interpreted. MART models, on the other hand, are based on linear combinations of many trees,
and therefore loose this important feature. The results of a MART analysis must therefore be
interpreted in a different way. Among the most important ingredients in any interpretation are
identifying which variables are important for prediction, and understanding their joint effect on
the response.

4

5.1

Relative importance of predictor variables

As noted above, all of the input predictor variables are seldom equally relevant for prediction.
Often only a few of them have substantial influence on the response; the vast majority are
irrelevant and could just as well have not been measured. It is often useful to learn the relative
importance or contribution of each input variable in predicting the response.
For a single tree T , Breiman et al (1984) proposed a measure of (squared) relevance Ij2 (T ) for
each predictor variable xj , based on the number of times that variable was selected for splitting
in the tree weighted by the squared improvement to the model as a result of each of those
splits. This importance measure is easily generalized to additive tree expansions (3); it is simply
averaged over the trees
M
1 X 2
I (Tm ).
(12)
Ij2 =
M m=1 j
Due to the stabilizing effect of averaging, this measure (12) turns out to be more reliable than
is its counterpart for a single tree. Since these measures are relative, it is customary to assign
the largest a value of 100 and then scale the others accordingly.
For K–class classification MART builds a separate model (11) for each class. In this case
(12) can be generalized to
M
1 X 2
2
I (Tkm ).
(13)
Ijk =
M m=1 j
Here Ijk is the relevance of xj in separating the class k observations from the other classes. The
overall relevance of xj is obtained by averaging over all of the classes
Ij2 =

K
1 X 2
Ijk .
K

(14)

k=1

The individual Ijk however can themselves be quite useful. One can summarize the n × K
matrix of these relevance values in a variety of ways. Individual columns I·k give the relative
variable importances in separating class k. The individual rows Ij· reveal the influence of xj in
separating the respective classes. One can average the matrix elements (13) over chosen subsets
of classes to determine variable relevance for that subset. Similarly, one can average over subsets
of variables to obtain an idea of which classes the chosen variable subset is most influential in
separating.

5.2

Partial dependence plots

After the most relevant variables have been identified, the next step is to attempt to understand
the nature of the dependence of the approximation F̂ (x) on their joint values. Visualization is
one of the most powerful of such interpretational tools. Graphical representation of the value
of F̂ (x) as a function of its arguments provides a comprehensive summary of its dependence on
the joint values of the input variables.
Unfortunately, such visualization is limited to low dimensional arguments. For more than two
or three relevant variables, viewing functions of the corresponding higher dimensional arguments
is more difficult. A useful alternative can sometimes be to view a collection of plots, each one
of which shows the partial dependence of the approximation F̂ (x) on a selected small subset of
the input variables. Although such a collection can seldom provide a comprehensive depiction
of the approximation, it can often produce helpful clues, especially when F̂ (x) is dominated by
low order interactions.
Consider a subset zl of size l < n of the input predictor variables x
zl = {z1l , z2l , · · ·, zll } ⊂ {x1 , x2 , · · ·, xn },

5

and let z\l be the complement set z\l ∪ zl = x. The approximation F̂ (x) will in principle depend
on all of the input variables F̂ (x) = F̂ (zl , z\l ). If one conditions on a specific set of joint values
for z\l , then F̂ (x) can be regarded as a function of zl conditioned on the chosen values for z\l
F̂z\l (zl ) = F̂ (zl | z\l ).

(15)

The form of this function of (15) will generally depend on the values chosen for z\l . One can
view (15) as a function of zl characterized by “parameters” z\l .
If the form of (15) for the chosen subset zl does not vary greatly for different values of z\l ,
then the average or “partial” dependence of F̂ (x) on zl
F̄l (zl ) = Ez\l F̂z\l (zl )

(16)

can serve as a useful description of the “effect” of the the chosen subset on F̂ (x), were the
expected value is over the joint distribution of z\l values. An estimate of F̄l (zl ) (16) can be
rapidly computed for tree based models (Friedman, 2001).
It is important to note that partial dependence functions defined in (16) represent the effect
of the variable subset zl on F̂ (x) after accounting for (eliminating) the (average) effects of the
other variables z\l on F̂ (x). They are not the effect of zl on F̂ (x) ignoring the effects of z\l .
An analogy can be made with ordinary simple linear regression. The coefficient obtained by
regressing y on each xj separately, measures the effect of xj on y ignoring the other predictor
variables. On the other hand, the coefficient of xj obtained in a multiple regression on all of the
predictors measures its effect after accounting for the effects of the other variables. Although
the effects here are functions (16) rather than simply coefficients, the concept is the same. Since
their locations are arbitrary, all partial dependence functions are centered to have zero mean
over the data distribution.
For K–class classification, there are K separate models (11), one for each class. Each one is
estimating the log–odds of its class. Thus each Fk (x) is a monotone increasing function of its
respective probability on a logarithmic scale. Partial dependence plots of each respective F̂k (x)
(11) on its most relevant predictors (13) can help reveal how the odds of realizing that class
depend on the respective input variables.

6

Application to the Histological Diagnosis of Cervical
(Pre)Neoplasia

The data used in this application of MART were collected at the Leiden Cytology and Pathology
Laboratory, and concern characteristics of cells obtained from patients with various grades of
cervical preneoplasia and neoplasia. To obtain the samples, taken from the ectocervix as well
as the endocervix, special sampling and preparation techniques were used (Boon et al, 1990).
The correct histological diagnosis was known by a subsequently taken biopsy. Previous analyses
(Meulman et al, 1992) concerned a subset of the data, containing, according to the histological
diagnosis, 50 cases with mild dysplasia (histological group 1), 50 cases with moderate dysplasia
(histological group 2), 50 cases with severe dysplasia (histological group 3), and 50 cases with carcinoma in situ (histological group 4). The number of cases with invasive squamous cell carcinoma
(histological group 5), rather scarce in the Dutch population due to intense screening activities,
could be enlarged to 42 by the cooperation of physicians in Indonesia, where cervical carcinoma
is very frequent. For each of the 242 cases, seven qualitative features of the cells were determined.
The features were rated by a pathologist on a scale ranging from 1 (normal) to 4 (very abnormal);
so these seven variables are ordered categorical. The features under consideration are Nuclear
Shape, Nuclear Irregularity, Chromatin Pattern, Chromatin Distribution, Nucleolar Irregularity,
Nucleus/Nucleolus Ratio, and Nucleus/Cytoplasm Ratio. In addition, four quantitative features
of each sample were established: Number of Abnormal Cells per Fragment (mean values), Total
Number of Abnormal Cells, Number of Mitoses, and Number of Nucleoli (mean values).
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Figure 1: Total error rate, and error rates for each of the five histological classes of cervical
(pre)neoplasia. 1 = mild dysplasia, 2 = moderate dysplasia, 3 = severe dysplasia, 4 = carcinoma
in situ, 5 = invasive squamous cell carcinoma. The upper left bar plot compares error rates over
the classes. The bar plots for each individual class compare the misclassification rates for that
class into the other classes.

Meulman et al (1992) inspected the mean values on each variable for each of the five groups in
the histological diagnosis (the response variable). It turned out that apart from minor deviations,
the group means were monotonically increasing with the severity of the grade of (pre)neoplasia,
except for the feature Nucleus/Cytoplasm Ratio. The mean values for the latter variable for each
histological group were 2.34, 2.96, 3.22, 3.54, and 3.05, thus the mean value for group 5 (invasive
squamous cell carcinoma) is smaller than the mean values for group 3 and group 4. Therefore,
the variable Nucleus/Cytoplasm Ratio was treated as categorical in the MART analysis, while all
other variables were treated as numerical. Meulman et al (1992) analyzed the data with canonical
discriminant analysis (with two optimal linear combinations of the predictors), and obtained an
average error rate of 0.37 for the test sets; the error rates in the five groups separately were 0.22,
0.34, 0.46, 0.48, and 0.33. A standard CART analysis (Breiman et al, 1984, as implemented by
Steinberg & Colla, 1997) gave a tree with 10 regions (terminal nodes), and with an overall error
rate of 0.42.
The MART analysis was repeated 30 times with different random samples in the test set
to obtain a stable estimate for the error rate. The average error rate was 0.30 (with standard
deviation 0.052). The tuning parameters (see Friedman, 2001) were set at the default values,
except for learn.rate=0.10 (ν in (10)), sample.frac=0.50 (because of the relatively small number
of observations), and the number of regions in each tree was set to tree.size=4. The results of
one of these MART analyses, with error rate 0.292, will be discussed below in some detail (a
parallel analysis with tree.size=2, a model with no interactions among predictor variables, had
error rate 0.333; tree.size=3 gave 0.313, tree.size=5 gave 0.333, and tree.size=6 gave 0.333, so it
was decided to choose a model with multiple additive trees of size 4).
In Figure 1 the error rates are displayed, from the total error rate at the top left (from which
is seen that class 1, mild dysplasia, has the largest error rate, while class 5, invasive squamous
cell carcinoma, has the smallest error rate), to the separate error rates per class, with the error
rate of class 5 at the bottom right. The plots per class also show details of the misclassification,
which makes clear that in most cases, misclassification occurs into adjacent classes; for example,
misclassification for class 4 (carcinoma in situ) occurs in equal proportions into class 3 (severe
dysplasia) and class 5 (invasive squamous cell carcinoma).

6.1

Relative importance and contributions of predictor variables

Figure 2 displays the relative importance of the predictor variables, for all classes jointly (14) at
the top left, and next for each of the classes separately (13). There is a clear differential effect.
For example, variable 8 (Nucleus/Cytoplasm Ratio) is by far the most important variable for
separating class 1, while it is less important for class 5. Variable 7 (Nucleus/Nucleolus Ratio)
is the most important variable for class 5, while being (relatively) unimportant for the classes
2 and 3. The qualitative variables 1 through 4 (Nuclear Shape, Nuclear Irregularity, Chromatin
Pattern, and Chromatin Distribution) are much more important for the dysplasia classes than
for the carcinoma classes.
The latter becomes even more obvious from the “Contribution Plots” for the variables 1, 2,
3 and 4 in Figure 3. The Contribution Plots answer the question, given a predictor, to which
classes it contributes most to their separation. Variable 1 (Nuclear Shape) contributes only
to the separation of class 1, while variable 7, variable 11 (Chromatin Pattern), and variable 6
(Nucleolar Irregularity) do not contribute to class 1 at all. In contrast, the variables 5, 6, and
7

Figure 2: Ordering of the 11 predictors according to overall importance, and the importance of
the predictors in separating each of the five given classes from the other four classes. Variable 8
= Nucleus/Cytoplasm Ratio, 10 = Total Number of Abnormal Cells, 11 = Number of Mitoses
5 = Number of Nucleoli, 9 = Number of Abnormal Cells per Fragment, 7 = Nucleus/Nucleolus
Ratio, 2 = Nuclear Irregularity, 4 = Chromatin Distribution, 3 = Chromatin Pattern, 6 =
Nucleolar Irregularity, 1 = Nuclear Shape. Class 1 = mild dysplasia, 2 = moderate dysplasia,
3 = severe dysplasia, 4 = carcinoma in situ, 5 = invasive squamous cell carcinoma.

Figure 3: Different orderings of the five classes according to the contribution of each predictor
variable to their separation. The 11 plots are ordered according to the contribution of each
predictor to the separation of class 5. Variable 1 = Nuclear Shape, 3 = Chromatin Pattern,
2 = Nuclear Irregularity, 4 = Chromatin Distribution, 10 = Total Number of Abnormal Cells,
8 = Nucleus/Cytoplasm Ratio 11 = Number of Mitoses, 9 = Number of Abnormal Cells per
Fragment, 6 = Nucleolar Irregularity 5 = Number of Nucleoli, 7 = Nucleus/Nucleolus Ratio.

7 contribute most to separating class 5. Variable 8 (Chromatin Pattern), variable 9 (Number of
Abnormal Cells per Fragment) and variable 10 (Total Number of Abnormal Cells) contribute to
the separation of all classes.

6.2

Partial dependence plots

In Figure 4 the partial dependence of the response on variable 3 is displayed (left) and variable
7 (right) for each of the five classes. It is clear that there is a differential effect between the two
different variables, and within the two variables for the different classes. The partial dependence
functions are step functions due to the discrete nature of these variables. Starting with variable 3
(Chromatin Pattern), we first notice that it has only three categories, since category 1 (normal)
does not occur in the total sample. For class 1 (upper plot at the left), we see a sharp decrease
going from rating 2 to the ratings 3 and 4 of Chromatin Pattern, and a more gradual decrease
for the probability to be in class 2. For the classes 3 and 4 the picture is reversed: going from
rating 2 to 4, we see a sharp increase and a gradual increase, respectively. After accounting for
the other variables, there is no influence of Chromatin Pattern on the prediction into class 5.
Inspecting variable 7 next, there is no partial dependence on Nucleus/Nucleolus Ratio for the
prediction into class 1. The step functions for the classes 2, 3, and 4 decrease going from rating
1 and 2, to 3 and 4. But for class 5, the partial dependence is increasing. Note that the scales on
the vertical axes of these plots are different, and that the plot for class 5 signifies a much larger
effect that the plot for class 3.
In Figure 5, the partial dependence plots are given for the four most important variables for
class 2; these are the variables 10, 11, 5, and 8. Starting at the plot at the top left, we see that
variable 10 (Total Number of Abnormal Cells) has a very skew distribution for class 2: while the
maximum over all 242 cases is 1800, there are no counts higher than 385. There is a high peak in
the partial dependence function around the value 75, while the function is completely flat after

Figure 4: Partial dependence plots for the variables 3 (left panels) and 7 (right panels) for
the classes 1 through 5 (from top to bottom). Variable 3 = Chromatin Pattern, 7 = Nucleus/Nucleolus Ratio.
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Figure 5: Partial dependence plots for the four most important variables for class 2 (moderate
dysplasia). Variable 10 = Total Number of Abnormal Cells, 11 = Number of Mitoses, 5 =
Number of Nucleoli, 8 = Nucleus/Cytoplasm Ratio. The hash marks at the base of each plot
locate the deciles of the data distribution on each variable Since variable 8 is categorical with
three levels its partial dependence is displayed as a bar plot.

the value 250. For variable 11 (Number of Mitosis) we see a sharp decrease from the value 0 to
the value 2, and the function becomes flat after that point. The function for variable 5 starts
flat, and increases to a peak in between the values 1.3 and 1.65. After that point, the function
becomes constant again. The function for variable 8 (Nucleus/Cytoplasm Ratio) is presented as
a bar plot because the predictor has been treated as categorical. The probability to be in class
2 is clearly largest for the value 3 (and much less for both the values 2 and 4).
Figure 6 scrutinizes class 2 again, and looks at the different functions for variable 10 (Total
Number of Abnormal Cells) according to the three different levels of variable 8 (Nucleus/Cytoplasm
Ratio). To obtain functions on a comparable scale on the horizontal axis (indicating the number of abnormal cells), the extreme values were cut off, using the 90% quantiles. The plot for
category 3 of Nucleus/Cytoplasm Ratio is clearly different from the plots for category 2 (upper
left panel) and category 4 (lower left panel), and can be compared to the overall plot for class 2
in the upper left panel of Figure 5.
To continue to demonstrate the use of partial dependence plots, Figure 7 shows joint partial
dependence plots for class 2 for its four most important numerical variables: Total Number of
Abnormal Cells, Number of Mitoses, Number of Nucleoli and Number of Abnormal Cells per
Fragment. Because they display the joint partial dependence on two variables in a single plot,
the plots are now three-dimensional, showing the different interactions of the pairs of variables
involved. The fact that there is also a differential effect across classes, is demonstrated in Figure
8, where the interaction of variable 11 (Number of Mitoses) and variable 5 (Number of Nucleoli )
is given for the classes 1, 3, 4 and 5. The plots differ considerably both from each other, as well
as from the plot for class 2 in the bottom left panel in Figure 7.

7

Conclusion

In this paper we summarize the approach of using multiple additive regression trees (MART)
to analyze complicated data sets, as in data mining. Complicated data sets usually contain
mixtures of nominal, ordinal, and numerical variables, including missing values. Regression and
classification trees are eminently fit to find structure among such variables with respect to the
prediction of the response variable, and without having to define appropriate transformations
of the predictor variables beforehand. MART combines regression and classification trees with
a powerful extension, called boosting, that takes care of the major disadvantage of regression
trees, i.e., their inaccuracy.
The ingredients of the MART procedure have been described, and MART has been applied
to a real life data set from epidemiology, concerning the prediction of cervical cancer and its
precursor lesions, from a number of qualitative and quantitative variables. The prediction of
the histologic diagnosis into five diagnostic categories (mild, moderate, and severe dysplasia,
carcinoma in situ, and invasive squamous cell carcinoma) turns out to be superior for MART
compared to both a straightforward classification tree (using CART) and a canonical discriminant analysis. The differential importance of the predictor variables has been detailed by using
powerful visual tools, displaying their influence on the prediction of the diagnosis.
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Figure 6: Joint partial dependence plots for variables 10 and 8 for class 2 (moderate dysplasia).
From top left to bottom left the partial dependence of variable 10 according to the three different
levels of variable 8. Variable 10 = Total Number of Abnormal Cells, 8 = Nucleus/Cytoplasm
Ratio.

Figure 7: Joint partial dependence plots for the four most important numerical variables for
class 2 (moderate dysplasia). Variable 10 = Total Number of Abnormal Cells, 11 = Number
of Mitoses, 5 = Number of Nucleoli, 9 = Number of Abnormal Cells per Fragment.
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Figure 8: Joint partial dependence plots for variables 11 and 5 for (from the top left to the
bottom right) the classes 1 (mild dysplasia), 3 (severe dysplasia), 4 (carcinoma in situ) and
5 (invasive squamous cell carcinoma). Variable 11 = Number of Mitoses, 5 = Number of
Nucleoli.
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